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Thus the control of Eq. (16) can be written as

u(t)=AeBtb = e'/sinhr (19)

where A=[Q -I], eBt is defined by Eq. (18), and
& = (0g-l/sinhr)r. The analytic Fourier transform of u(t)
follows as
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(20)

Since B is diagonalizable, we use the right and left eigenvec-
tor transformation method to solve Eq. (13), leading to

M/2 -7/V21
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T2/V2 0
= \L
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from which it follows that

0 1

= _ [;/(V2sinhr), 7/(V2sinhr)] T

y = ( - 1/ [ (l + /co)V2sinhT] , 17 [(1 - /oj)V2sinhr ] )T

Aj =AR = [ft -2/V2], A2 =AeBrR = [0, -2eT/V2]

Thus, from Eq. (15) we have

- /co)sinhr ] (21)

where Eq. (21) agrees with Eq. (20).-

Conclusions
A computationally efficient algorithm has been presented

for obtaining the complex Fourier transform of a class of vec-
tor functions that frequently occur in modern control theory.
The basic algorithm requires 1) the evaluation of a single
matrix exponential for the dynamics of the time-varying con-
trol; 2) the solution for either the right and left eigenvectors or
a real Schur decomposition of the constant control dynamics
matrix; 3) the sequential solution for the reducing subspace
transformation vector p; and 4) the evaluation of a single
scalar complex exponential.
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Introduction

MUCH has been made in recent literature1'4 regarding the
lack of robustness of servo loops designed by so-called

* optimal' stochastic control theory, i.e. Linear-Quadratic Syn-
thesis (LQS) methods. It has even been claimed5 that LQS
should not be used on control systems for aerospace vehicles
because of its sensitivity to plant uncertainties and its inap-
propriate bandwidth characteristics.

Frequency domain analysis of multivariable control loops
indicates that linear state feedback provides good stability
margins,6 but that estimated state feedback can reduce these
margins to zero.1 It has been proposed to modify the Linear-
Quadratic-Gaussian (LQG) estimator design procedure by ad-
ding fictitious process noise at the control inputs to restore the
margins,2'7 but that approach typically introduces high fre-
quency modes into the estimator as the spectral density of this
noise is increased.

This note describes an example using a frequency-shaped
cost functional on measurement noise in LQG estimator
design as a means for improving control loop robustness. The
theory and implementation of frequency-shaped LQS design
has been described elsewhere.8'11 Kirn9'10 has shown that shap-
ing the measurement noise of individual measurements using
classical compensators, such as lead or lag networks, as shap-
ing filters is effective in modifying multivariable controller
robustness. This procedure results in transmission zeros being
inserted into the estimator transfer matrix at prescribed fre-
quencies. The selection of these frequencies (i.e. of the shap-
ing filters) is accomplished by a frequency response analysis of
the standard LQS controller design. The resulting estimator
has higher order than the * optimal' estimator, but it is no more
complicated to design, and its bandwidth can be maintained in
a reasonable range by choice of the usual LQS weighting
parameters.

A Design Application
As an illustrative example of the effect of this procedure on

frequency response of a multivariable loop, a controller design
was undertaken on the single-input/two-output, 4th-order
model for the azimuth pointing control servo of the Multiple
Mirror Telescope.12 This optical telescope, sponsored by the
Smithsonian Institute and the University of Arizona, consists
of six coaligned 1.8-meter primary mirrors in a hexagonal
structure on an azimuth-altitude mount. The pointing controls
include DC electric motors driving ring gears through a
100-to-l reduction. Compliance in the gears combines with
motor dynamics to produce the 4th-order model. A classically
designed compensator with a bandwidth of about .5 Hz is
presently used for control on each axis.

A state space representation of the azimuth axis system in
the form

= Cx+v (1)
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is given in Table 1. The control input is the commanded motor
torque, and the measured outputs are motor shaft rate and
azimuth pointing angle (relative to the earth). The transfer
functions for these are

tc(s)

MS)

= .278- .00735)2 + (24.56)2

(s +.0432) [ (s + .396)2 + (109.6)2 ]

= 1.675-
.0432) [(S + .396)2 + (109.6)2]

(2a)

(2b)

Thus the system consists of low-frequency dynamics coupled
to a high-frequency, lightly damped resonance. Since the
resonance is well above the desired bandwidth of about .5 Hz,
the approach taken to LQS controller design is to use a 2nd-

-2

110
Fig. 1 Nyquist plot for reduced-order compensator.

Table 1 Multiple Mirror Telescope3

A-

B=

0 1 0 0

-1.14X104 -.833 1.14X106 0

0 0 0 1

_ 6.03 0 -603 -1.47X1Q-3

~ 0 " ' 0

.278 0
G =

0 0

0 _ 1.47X1Q-6

\ 0 1 0 0 1 ' '
[ 0 0 1 0 J

a*= (0A/uM0rw:r) , z= (coM0r) , u = tc, \v = td where 0M, COM are
motor shaft angle and rate (in rad), BT, a>T are telescope angle and rate
(in rad), and tc, td are control and disturbance torque (in Ib-ft).

order model of the system for estimator design, and then add
frequency shaping to protect against the resonance that was
not modeled. With multiple measurements, frequency shaping
in the estimator must be done by rnultivariable analysis;
however, the single input permits an assessment of the design
by a classical frequency response with the loop broken at the
input.

A reduced-order model in modal form (obtained by trunca-
tion) is given by

.04324 0

0 0

-.04320

.00999

-.3233

-.3230

0

-.0100
(3)

Applying the standard LQS technique to this 2nd-order
model, with regulator output weighting only on 0T, the follow-
ing choice of weighting parameters (units as in Table 1)

Qr = 108, Rr = 1, Qe = 103, Re = diag (6x 10~7, 6xlO-12)

gives regulator poles at s= -2.64±2.64y and estimator poles
at s = - 4.14 ± .94y, with regulator and estimator gain matrices

Kr= [932.9 -1000],Ke =
-122.3 -14916.

-122.8 -15197.

When the resulting compensator is cascaded with the full-
order system transfer functions of Eq. (2), the open-loop

Fig. 2 Computed singular values of output return ratio matrix for
reduced-order compensator.

______Table 2 Open-loop transfer functions for Multiple Mirror Telescope controllers

a) Reduced-order compensator:

-=729.4-
u'(s) ' s(s +.0432)(s + 3.108)(s +10.41) [(s + ,396)2 + (109.6)2 ]

b) Frequency-shaped 6T:

u(s)
—^-=738-
u'(s)

c) Frequency-shaped WM:

u(s)
u'(s)

=734—

2] [(s+78.1)2+ (78.0)2] [(s + .396)2 + (109.6)2)]

.248)((s-1.017)2 + (24.5)2] [ (s+ .56)2 + (109.9)2]
.166)(s+10.9)[(s+ 77.4)2 + (77.4)2] [(s+,396)2 + (109.6)2}
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Fig. 3 Nyquist plot for frequency-shaped compensator.

If the same notch filter in Eq. (4) is applied to o>M, which is
the standard rate feedback signal for increased damping, the
same estimator poles occur, but the gain matrices become

[Ke] =
-120.9 -15922

-121.5 -16208

4.15XlO'4 .0567

.00125 .0239

transfer function (loop broken at input u) becomes that listed
as a) in Table 2. Figure 1 presents a Nyquist plot of this
transfer function, showing that the system is stable but with a
phase margin of about 12 deg at the resonance.

If this loop is broken at the two outputs, a 2x2 output
return ratio matrix,10 L2, can be formed using the above com-
pensator. Figure 2 presents plots of the computed singular
values of this matrix, showing amplification of the maximum
singular value 5(L2). The minimum singular value should be
zero since L2 has rank one. The resonance at 110 rad/s is evi-
dent. The singular vectors of L2 at the resonant frequency
show that' ff(L2) is most strongly influenced by output 0T9
while 0(L2) is most strongly influenced by output com.

The classical method for stabilizing a resonance to permit a
wider control bandwidth is to introduce a notch filter into the
loop, thus placing zeros at the resonant poles. This could be
done at the input of this system, but it can also be accomplish-
ed with frequency shaping in the estimator by choosing a shap-
ing function for one of the measurements of the form11

(4)

where a> is the resonant frequency, f is its damping ratio, and
fd is the desired damping. In this case, the selected values were
co =110 rad/s, f=.005, and ^ = .707; but the question is
which measurement to filter?

Much of the literature on singular value analysis of
multivariable control loops13'14 seems to imply that robustness
to model errors outside the desired bandwidth can be enhanc-
ed by reducing (or rolling off) o(L2) at high frequency. This
suggests that Eq. (4) should be applied to 0T which effects
ff(L2). Implementing such an estimator, by combining a
realization of Eq. (4) with (3) and using the same weighting as
above, gives an additional set of estimator poles at
5 = - 77. g ± 77. §/, with gain matrices9'11

-123.4 -13970

-123.9 -14254

4.96xlO~7 2.40xlO~4

4.12xlO~6 4.99 XlO~4

When combined with Kr to form a 4th-order compensator,
this estimator indeed substantially reduces the resonance in
a(L2) of Fig. 2, while leaving a(L2) unaffected. However, the
open-loop transfer function becomes that listed as (b) in Table
2, whose Nyquist plot is essentially the same as Fig. 1. Thus,
no margin improvement occurs for the control input.

When this estimator is combined with Kr9 the resulting com-
pensator leaves a(L2) of Fig. 2 unaffected, and the open-loop
transfer function becomes that listed as (c) in Table 2. Thus
the zeros of Eq. (4) appear in the loop and the resonance is
gain stabilized, as seen in the Nyquist plot in Fig. 3. The band-
width of this system is about .5 Hz, but it has sufficient
margin to permit expansion to as much as 1.5 Hz.

Conclusions
Frequency shaping the measurement noise in Linear-

Quadratic-Gaussian (LQG) estimator design, using classical
single-variable filters, is an easy and effective means for im-
proving the frequency response of some Linear-Quadratic-
Synthesis (LQS) controllers. This seems particularly true when
phase lead is needed since the method permits placing of
estimator transmission zeros. However, as seen in the exam-
ple, the method applies to plant outputs, but for multivariable
loops, the effect on input characteristics is not always clear.
Since the LQS regulator and estimator are mathematical
duals, a similar procedure on input frequency shaping by
regulator design is also possible, and a combined procedure is
currently being investigated.
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